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Abstract 

Thirty years after the birth of foliations in the 1950's, Andre Hae- 
fiiger has introduced a special property satisfied by holonomy pseu- 
dogroups of foliations on compact manifolds, called compact gener- 
ation. Up to now, this is the only general property known about 
holonomy on compact manifolds. 

In this article, we give a Morita-invariant generalization of Hae- 
fliger's compact generation, from pseudogroups to object-separated Lie 
groupoids. 
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Introduction 



Recall that a foliation of an n-manifold M is a partition of M into p- 
submanifolds, which locally looks like parallel copies of MP in IR n . The con- 
nected components of the p-structure are called the leaves of the foliation. 
A classical tool to study the dynamics of the leaves is the set of holonomy 
elements of the foliation, which are diffeomorphisms between transversals 
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(submanifolds everywhere transverse to the leaves, and of complementary 
dimension). Given a complete transversal T (a transversal that meets every 
leaf at least once), the holonomy elements between open sets of T generate a 
pseudogroup, the holonomy pseudogroup of the foliation relative to T. This 
pseudogroup essentially depends on the foliation, in the sense that two dif- 
ferent complete transversals will provide two Haefliger-equivalent |2.1| pseu- 
dogroups. When the base manifold M is compact, Haefliger introduced an 
invariant 'finite generation' property for the holonomy pseudogroups: com- 
pact generation. 

Given a pseudogroup (TC, T), its set H of germs is naturally equipped with a 
composition operation (the compositoin of germs). This composition makes 
H a small category with set of objects T, in which every arrow is invertible. 
Such a structure is called a groupoid structure. The set of germs H can also 
be naturally given a topology (the sheaf topology), and natural charts with 
smooth changes of coordinates inherited from T. This differential structure 
is compatible with the algebraic structure of H, and eventually if is a very 
special kind of groupoid, an (effective) etale Lie groupoid. 
In |HaeOO| . Andre Haefliger translated the compact generation property for 
pseudogroups in terms of etale groupoids, using the close relation between 
pseudogroups of diffeomorphisms and their groupoids of germs |2.1|2.3| . In 
this paper, we extend compact generation to (almost) all Lie groupoids, in 
a consistent way: invariance of compact generation under Haefliger equiva- 
lence is extended to invariance under Morita equivalence. I would like here 
to thank Gael Meigniez for leading me to the right definition through our 
many dicussions. I still can't realize the amount of 'groupoidic' material we 
studied together before the final formulation arose. 



1 Preliminaries 



1.1 Recall that a groupoid G is a small category in which every arrow is 
invertible. Its set of objects, classically denoted Go, is called the base of 
the groupoid, and can be embedded in G through the unit map (sending 
each object to its associated identity morphism). We shall always use this 
identification, so that G C G for any groupoid. When needed, the set of 
morphisms is distinguished from the groupoid G by denoting it G\. The 
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canonical maps G\ — > G sending each morphism to its starting or ending 
object are called the source and target maps of G and denoted s and t, 
respectively. 

A groupoid G may be seen as a set of points Go, together with arrows 
between these points, where the composition of morphisms is some kind of 
concatenation of arrows. We shall use a leftward-pointing convention for 
groupoid arrows: an arrow (morphism) g from x to y shall be written g : 
x — > y, and if g : x —> y and h : y — > z are two arrows of G, the composition 
of g and h will be hg : x — »• z. 

The basic algebraic behavior of groupoids is very similar to groups' |Mac87| . 
therefore both the vocabularies of categories and groups is usually applied 
to groupoids: the composition is called "product", identity morphisms are 
called "units", and so on. In this article, we shall be especially interested in 
the obvious notions of subgroupoid (a subset closed under composition and 
inversion), and of subgroupoid generated by a set (the intersection of 
all subgroupoids containing that set). We will also call "full" a subgroupoid 
if it is full as a subcategory. 

Notations: If X and Y are two subsets of G , the set of all arrows issuing 
from any point of X and ending at any point of Y will be denoted G Y X (if X 
or Y is the whole base G , we won't specify it, writing G Y or Gx)- 

1.2 Definition [Lie groupoid] 

A groupoid G is called a Lie groupoid if G and Gq are smooth finite- 
dimensional not necessarily Hausdorff manifolds, if the source and tar- 
get maps of G are submersions, and if its product, inverse and unit 
maps are smooth. 

By assuming s and t to be submersions, the fibered product G s x t G = 
G x s=t G inherits a smooth submanifold structure, and that's why smooth- 
ness of the product makes sense. Also note that G C G is a submanifold, 
as image of a section (unit map) of a submersion (source or target map). 
It is important here to allow G to be non-Hausdorff ; it is indeed often the 
case in practice with groupoids arising in foliation theory. We also allow non- 
Hausdorff bases, but for convenience only, so that we don't have to check the 
Hausdorff condition in our manipulations (however, we will remove this lib- 
erty on bases in the last section). Anyway, from now on, no manifold is 
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considered Hausdorff unless explicitly stated^. This lack of Hausdorff condi- 
tion does not change many things, as long as you remember never to use 
closures of sets (which may be pretty wild). Especially, as compact sets are 
not always closed (that is, are only quasi-compact in the Bourbaki sense), 
relative compactness shall be understood as 'being included in a compact 
set', which is a (strictly) weaker condition than 'having a compact closure'. 

1.3 In group theory, any element of a group naturally generates two dif- 
feomorphisms of the group, the left and right translations by this element. 
There's no immediate equivalent in groupoid theory: given a point x in the 
base, we may 'translate' it with any arrow g issuing from x, but there's no 
way to translate other elements of the base with g, for it has only one source: 
x ! Thus to define a translation on G we at least have to chose for each point 
x of the base an element starting at x. To carry out such choices, we follow 
Kirill Mackenzie |Mac87| and introduce the notion of bisection. 

Definition 1.4 [Bisection] 

Let G be a Lie groupoid. Any (smooth) section (3 of the source map s 
of G such that the composition t(3 is a diffeomorphism of Go is called a 
global bisection ofG. 

Note that this notion is symmetric in s and t: when we identify any s-section 
to its image in G, bisections are those submanifolds of G for which the re- 
strictions of both s and t are diffeomorphisms onto Go. Bisections are very 
efficient in groupoid theory, due to the following fact: 

Proposition 1.5 

For any element g of a Lie groupoid G, sg i— > g may be extended to a 

local bisection (3 : U — > G (where U is a neighborhood of sg). 

A local bisection may be seen, of course, as a smooth submanifold of G for 
which both s and t are embeddings into Go. This point of view almost yields 
the proof of the proposition: any small enough smooth submanifold contain- 
ing g, simultaneously transverse to the s- and t-fibers through g fits. As 
we have plenty of them, we shall for convenience refer to local bisections as 
bisections. 

Given a bisection (3 : U — > G, one can easily define a (local left-) trans- 
lation Lp : G u — > G t/3 ^ by letting any element of the image of (3 act by 

J It may be useful to recall that in any case, points in a topological manifold are always 
closed (the T\ axiom is satisfied). 
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left-translation on the t-fiber of its source: Lp{h) = (3(th) ■ h. Such a trans- 
lation is a diffeomorphism of G (compose (3 with the inversion and build an 
inverse mapping). To illustrate these notions, let us prove the following: 

Proposition 1.6 

The product of two open sets in a Lie groupoid is an open set. 

Proof. We call U and V these open sets. Let u ElA and v G V with sv = tu, 
we wish to prove that V • U is a neighborhood of vu. Take a bisection 
(3 : W —> G extending v, shrinking it if necessary we may assume (3{W) C V. 
Now Lp{U D G w ) is an open set, containing vu and included in V • U. □ 

1.7 Two different categories of Lie groupoids are usually being used. The 
straightforward algebraic one: 

Definition 1.8 

A Lie groupoid morphism is a smooth functor between Lie groupoids. 

. . . and a more mysterious, intricate, but more significant one, the Hilsum- 
Skandalis category |Mrc99l [Mrc96| . We won't go into too much detail in the 
Hilsum-Skandalis category, however we need the equivalence relation asso- 
ciated to this category: Morita equivalence. This equivalence is based on 
the notion of pullbacks in the "algebraic" Lie groupoid category, which we 
introduce now. 

Consider H a Lie groupoid, and / : M —> H any smooth map. As the source 
of H is a submersion, we can construct the smooth fibered product H s Xf M. 

H s x f M 




If we consider H as a set of arrows from H to H 0l we've actually just pulled 
their sources with / from H to M, so we may see H s Xf M as a set of arrows 
from M to H Q . If tun is again a submersion, we may build the product 
Mf x t K H (H s Xf M), that is, we can also pull the targets of the 'arrows' of 
H s Xf M with /, and enventually get 'arrows' from M to M. 
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M f x {H s x f M) 




It is an elementary exercise to check that under this assumption, the triple 
product MfX t H s x f M is canonically isomorphic to its two decompositions in 
nested double fiber products. This triple product has a natural Lie groupoid 
structure: take the obvious source and target maps, and define a compati- 
ble product by (p, h,n)(n, g,m) = (p,hg,m). All structure maps are clearly 
smooth, and it is easy to check that the source and target maps are submer- 
sions. In this situation, Mf x t H s x f M is called the pullback groupoid of 
H by /, and denoted f*H. Note that in particular, this construction can be 
achieved entirely (i.e. tirn is a submersion) when / is a submersion. 

1.9 Let if : G — > H be a Lie groupoid morphism. Then the induced map 
<p>o : Go t— > H (the base of cp) is a particular case of a map / : M — > 
Go considered in the previous paragraph. If tun '■ H s x Vo Go) — > H is a 
surjective submersion, we may consider the pullback (p^H . It is endowed with 
a natural Lie groupoid morphism (t, ip, s) : G — > ^PqH. When this morphism 
is an isomorphism, i.e. when G naturally identifies to (p^H, <p is called an 
essential equivalence |CM00l lMrc99| . Note that in particular (t,<p,s) is 
a bijection, which means that any arrow h : <po(x) — > (po(y) of H between 
points in the image of y? admits a unique lifting g : x — >• y in G y x (unique 
lifting property). In the particular case when <p is already a surjective 
submersion, an essential equivalence is called a Morita morphism. 
Be aware that existence of an essential equivalence between two groupoids 
is not an equivalence relation, for it is not symmetric. Actually, Morita 
equivalence is the associated symmetrized relation: 
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Definition 1.10 [Morita equivalence] 

Two groupoids G and H are said to be Morita-equivalent if there 
exists a third groupoid K and two essential equivalences (p,ij) : K — > 
G,H. 

It can be seen that this relation is an equivalence relation. Morita equivalence 
is a very flexible notion and admits many other equivalent definitions. In 
particular we shall be interested in the following one (see also 12.61) : 

Theorem 1.11 

Two Lie groupoids G and H are Morita-equivalent if, and only if there 
exists a third groupoid K and two Morita morphisms tp,ip : K — > G, H . 

This means we can freely assume that the functors used in the definition are 
submersions on the bases (which is actually equivalent to being a submersion 
for an essential equivalence). 



2 Groupoidizing pseudogroups 



2.1 Recall that a pseudogroup of diffeomorphisms on a manifold T is a set 
of diffeomophisms between open sets of T, which is closed under restriction, 
inversion and gluing. To any pseudogroup (7{,T), one can associate the set 
H of all germs of elements of H, which is a groupoid for the composition of 
germs [g] y ■ [f] x — [go f] x . This groupoid has a natural (sheaf) topology: 
given an element h G H, the collection of all germs of h at all points of its 
domain represents a base open set for this topology. Each such base open set 
may be identified to an open set of T, therefore the changes of coordinates in 
H identify to changes of coordinates in T, and thus are smooth. Moreover, 
it is obvious in these particular coordinates that the source and target maps 
of H are etale (i.e. local diffeomorphisms), and that its other structure maps 
are smooth. We shall call H the germ groupoid of H, and denote it [H]. 
It is an etale groupoid, a Lie groupoid with etale source and target. 
Recall the definition of Haefliger equivalence between pseudogroups (see 
|Hae00| for another definition): two pseudogroups (H,T) and (7i',T') are 
said to be Haefliger equivalent if there exists a set $ of diffeomorphisms from 
open sets covering T to open sets covering T" such that: 

^H®- 1 C H' and C H 
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Proposition 2.2 

If two pseudogroups (Ti, T) and (Ti', T') are Haefliger- equivalent, their 
germ groupoids H and H' are Morita- equivalent 

Proof. Let $ be a set of diffeomorphisms giving an Haefliger equivalence from 
Ti to Ti.', and let's write Z = H'[§}H the collection of all germs coming from 
compositions of maps of Ti, $ and Ti' (whenever defined). 




T T 



Write a and r the maps sending each element of Z repectively to its source 
(in H) and its target (in H') , and give the manifold Z = H' s x T Z a x s H a 
source map s = irz , a target map t(h', z, h) = h'zh~ l , and a product 

(h' 2 , z 2 , h 2 )(h' 1 , z 1} hi) = (ti 2 h[, z 1} h 2 h 1 ) 

It is easy to check that Z is an etale groupoid (all maps here are etale). It 
is no more difficult to see that the two obvious smooth functors & = %h ■ 
Z — > H and T = tth 1 '■ Z — >• H' are actually Morita morphisms: apply the 
pullback construction |1.7| to the maps a = & and r = % (etale and thus 
submersive), and use the global composition of germs over T U T' to build 
smooth inverses for the canonical functors (for example with (5): 

H's Xr Z Qu x s H >Z 0a x t H s x a Z 

(h',Zi,h) i — *' f ' 6 '^ — =- {h! zih~ x , h, z\) 
(z 2 hzi 1 ,z 1 ,h) < 1 (z 2 ,h,zi) 

This implies that H and H' are Morita-equivalent. □ 
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2.3 Definition 

We shall call O-translation of a Lie groupoid H any diffeomorphism 
between open sets of H which may be locally written t(3, for some local 
bisection /3. 

It is easy to check that the O-translations of a groupoid H form a pseu- 
dogroup of diffeomorphisms on H . We shall denote this pseudogroup TH. 
In the particular case when H is the germ groupoid of a pseudogroup Ti, 
the topology of H forces the bisections to be locally written x \—> [f] x for 
some / G Ti. Therefore a O-translation r of H may be in turn locally written 
r(x) = t([f] x ) = f(x), so that r G Ti locally, and then globally by gluing (Ti 
pseudogroup). Thus TH C Ti, and the other inclusion is immediate with the 
identity / = x i— > t([f] x ). Finally we see that Ti = TH, and also H = [TH], 
i.e. H is effectiv^E (Note that the two operations [ ■ ] and T might be used 
to identify pseudogroups and effective etale groupoids.) 
As Haefliger equivalence of two pseudogroups implies Morita equivalence of 
their germ groupoids, it is natural to ask whether it is true in the other di- 
rection. Of course, this question makes sense only if we consider groupoids 
with bases of the same dimension. 

Proposition 2.4 

If H and H' are two Morita- equivalent groupoids with dim H = dim H' , 
then their pseudogroups of O-translations are Haefliger-equivalent. 

We still need some technical results about Morita equivalence to prove this 
proposition, therefore we will postpone the proof to paragraph 12.71 We may 
sum up the results of the two last paragraphs in the following theorem: 

Theorem 2.5 

Let (Ti,, T) and (Ti', T") be two pseudogroups. We may identify these 
pseudogroups to their germ groupoids, for T[Ti] = Ti (same for Ti'). 
The pseudogroups Ti and Ti' are Haefliger-equivalent if and only if the 
groupoids [Ti] and [Ti'] are Morita- equivalent. 

2.6 Proposition 

I // H and H' are two Morita- equivalent groupoids with dimi^ = 
dimi^Q = d, there exists a third groupoid Z with dimZ = d and two 
Morita morphisms tp, if) : Z — > H, H' . 

2 See |Mrc96j for more information about the 'effect-functor' [T-] 
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Proof. Take K a Lie groupoid yielding a Morita equivalence between H and 
H', with Morita morphisms 77, t? : K —*■ H, H' (theorem ll.lll) . Take any m G 
Kq, and write x = r) m, x' = ^ m. The subspaces T m (rjQ x) and T m (i?Q 
have the same codimension d in T m iCo, so they admit a common supplemen- 
tary F m . Take some coordinates system around m, and consider a small d-disc 
D m containing m, and contained in the subspace F m in those coordinates. 




The disc D m is transversal to the rj - and -^-fibers a t m, thus we may assume 
(shrinking if necessary) that the restrictions of r] and $0 to D m are diffeo- 
morphisms onto open sets U m C H Q and U' m C H' . We may also assume 
that there exists a chart around m, containing D m in its domain, in which 
the submersion r] is locally the projection of a product H x F — > H . 
Set Z the disjoint union of such discs D m for all m E K . We claim that the 
canonical map j : Z — > K induces an essential equivalence. We first check 
that tiiK ■ K s Xj Z —> K is a surjective submersion by constructing local 
sections of this map (see figure on the next page). 

Take any n G K , and any (k, m) G K x Z in the t7Tx-fiber over n, that is: 
k : m — > n in K. Denote D m * the reference disk for m in Z . There exists 
a local bisection (3 extending k~ x in a neighborhood V of n |1.5j . we shrink 
it if necessary to have r}t(3(V) C U m *. We then crush W = t(3(V) into L> m * 
following the arrows given by 

m' 1 — > (t,7y, sy 1 (ari(m') , l^ m / , m') 

where a is the inverse of 770 : D m * — > U m *. Following p~ x and then j3~ l , we 
get a section of tux, which may be written precisely (/5 _1 ■ {pt(3)~ l , j~ l tpt(3) 
(where j is restricted to D m * for the inverse). 
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It follows that j induces a groupoid pullback |1.7j . with an essential equiva- 
lence for canonical map J : Z — > K. Let us denote p = r\J and if) = §J. We 
claim that p, ip : Z — > H, H' fit the problem. 




By definition of Zq, we know that it has dimension d, and that ipo and are 
surjective and etale. Thus it only remains to check whether the canonical 
functors Z —> p^H and Z — > ip^H' are diffeomorphisms. This can be achieved 
by writing Z = Z j x t K s Xj Z = Z j x id K 0r}0 x t H s x m K i d Xj Z = 
Z ( w ) x t H s X(noj) Zqi an d same with H'. □ 



2.7 Proof of proposition \2J\ Considering proposition 12.61 it suffices to prove 
the statement when we have a Morita morphism <p : H — ► H' . In this case, 
<po ■ H — > H' is a surjective submersion between manifolds of the same 
dimension, thus it is a surjective local diffeomorphism. Cover H with open 
sets Ui such that the restrictions tpi = <po\u t '■ Ui —> Vi are diffeomorphisms, 
and set $ = {<Pi}. We claim that $ gives a Haefliger equivalence from TH 
to TH'. 

Due to the stability of pseudogroups under gluing, it is enough to prove the 
following: for any bisection (5 : U —> Hy. with domain contained in a single 

Ui and tj3{U) contained in a single Uj (resp j3' : V — > (H')y_), the composition 
pj o t(3 o ipj 1 is an element of TH 1 (resp pj 1 o t(3' o tp i e TH). But all such 
bisections (3 and are in one-to-one correspondance through: 
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(3 ^ F=vfo7 1 

Thus every (pjtpip' 1 = tLp(3ipJ l is some G Tii 7 , and every Lp~ 1 tf3'(p i is 
some with /? given by the correspondance. □ 

Definition 2.8 [Groupoid dimension] 

The groupoid dimension of a Lie groupoid H is the relative integer 
gdim H = dim Hi — 2 dim H . 

It is immediate from the definition of pullback groupoids \1.7\ that the 
groupoid dimension is preserved under pullbacks, and therefore under Morita- 
equivalence |1.10j . 

Proof of theorem \2.b\ According to propositions 12.21 and 12.41 the only point 
missing to get the theorem is to check whether the groupoids H = \H] and 
H' = \H'] have bases of the same dimension whenever they are Morita- 
equivalent. In this case, we know that gdimi/ = gdivnH'. But H and H' 
are etale, therefore gdim H = dim H — 2 dim H = — dim H and gdim H' = 
— dim if q, and thus dim if = dim H q. □ 



3 Compact generation 



3.1 In this section we will define a property for groupoids involving com- 
pactness. The problem is that we have to deal with fiber products over base 
spaces, which implies heavy manipulations on compact subspaces that may 
go wild in the non-Hausdorff case. Therefore we will restrict ourselves to a 
(not so) special kind of groupoids: 
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Definition 3.2 

A Lie groupoid is called object-separated if its base is a Hausdorff 
space. 

Groupoids in classical foliation theory are naturally object-separated, as their 
bases are (smooth) Hausdorff manifolds. All groupoids will be hereafter as- 
sumed object-separated. This definition is naturally compatible with pull- 
backs to Hausdorff bases, so that we can go on using the constructions defined 
in the first section, however we need to refine Morita equivalence [1.10)1. 11] 
a bit to fit our new type of groupoids: 

Proposition 3.3 

Let G and H be two object-separated, Morita- equivalent groupoids. Then 

there exists an object-separated groupoid K , and two Morita morphisms 
tp,ip : K -> G,H. 

Proof: 'covering trick'. Let K' be a groupoid yielding a Morita equivalence 
between G and H, with two Morita morphisms ip', ip' : K' — > G , H (theo- 
rem [1JJ]). Cover K' with open sets Ui diffeomorphic to IR n , and let K be 
the disjoint union of the Ui's (which is a Hausdorff manifold). The canon- 
ical map j : K —> K' Q is a surjective submersion, and therefore induces a 
groupoid pullback K := j*K', with a Morita morphism J as canonical func- 
tor (see ll.7p . Set ip :— <p' o J, ip :— ip' o J, these are Morita morphisms as 
compositions of Morita morphisms (straightforward exercise). □ 

3.4 Before defining compact generation, let us introduce some vocabulary. 
Any Lie groupoid G 'actslE naturally on itself by left multiplication. For any 
x G G , we shall call G-x = t(s~ 1 (x)) the 0-orbit of x in G ; it may be seen as 
the set of all points of G which are linked to x by an arrow of G. In a similar 
way, we define the 1-orbit of g G G to be the set of all arrows of G which are 
linked to g by an arrow of G, that is Orb(g) = t~ 1 (t(s _1 (s(/))) = s^st^tg. 
If S is any subset of G, we define the base of S to be So := (£% = s(S) U 
t(S). We shall say that S is exhaustive in G if it meets every 1-orbit, or 
equivalently if its base meets every 0-orbit. Finally, we recall that relative 
compactness means inclusion into a compact subset |1.1| . 

3 Can be formalized |Hae84| . 
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Definition 3.5 

An object-separated Lie groupoid G is said to be compactly gener- 
ated if it contains a relatively compact exhaustive open subset 14, which 
generates a full subgroupoid. 

By propostion 11.61 we know that an open subset of G generates an open 
subgroupoid, for the generated set (14) is just the union of all powers of 
U UW" 1 . In particular, (14) is a Lie subgroupoid of G, and it may be seen 
that this definition is equivalent to "there exists a relatively compact open 
subset U such that (14) C G is an essential equivalence". 
For convenience, we shall say that a subset S C G which generates a full 
subgroupoid has the full generation property, or simply has full generation. 

3.6 We have seen that pseudogroups and germ groupoids could be naturally 
identified (theorem 12. 5p . There is already a notion of compact generation for 
pseudogroups, therefore we begin by investigating the relation between defi- 
nition GL5] for germ groupoids and the classical definition for pseudogroups: 

Definition 3.7 

A pseudogroup (7i, T) is said to be compactly generated if the fol- 
lowing holds: 

• T admits an open subset U , relatively compact, and exhaustive 
(meeting every H-orbit). 

• There exist finitely many hi G H and open sets Ui C U, each rel- 
atively compact in the domain of the associated hi, such that the 
induced pseudogroup Ti\u (elements of 74 with domain and image in 
U ) is generated by the (hi) p.. 

Proposition 3.8 

Let (H, T) be a pseudogroup and H its germ groupoid. Then H is 
compactly generated if and only if 7i is. 

Proof. Assume that H is compactly generated, and consider the set of germs 

u = u{[h l ] x ■ xeUi} 

i 

This is an open subset of [H] |2.1| . relatively compact as finite union of 
relatively compact sets (check it in the charts provided by the domains of 
the his), and exhaustive because U is. It also generates a full subgroupoid 
because every arrow of [H] between points of U$ = U is a germ of some 
element in Tip, so is a product of germs of the (hi)\Vi a ^ suitably chosen 
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points. Therefore [H] is compactly generated. 

Conversly, assume that H is compactly generated, and let U be a symmetric 
exhaustive relatively compact open subset of \H\ with full generation (we may 
suppose U symmetric, for U U U^ 1 has the same properties as IA regarding 
compact generation) . Decompose U into a finite union of open subsets Ui such 
that each Ui is included in a compact set /Q, itself included in an open set Vj 
where s and t are both diffeomorphisms onto open sets of T (the union is finite 
because U is included in a compact). Write Sj = S|v i5 and set hi = t o s^ 1 £ 
T[H] — TL,Ui — s{Ui) and U = Uo = U; Ui. We claim that this data satisfies 
the definition of compact generation for TL. It is not hard to see that U is an 
exhaustive relatively compact open subset of T: exhaustiveness is inherited 
from that of U ; openness and relative compactness are consequences of s 
and t being etale (and U relatively compact). Now take some h £ 7~l\u, and 
any x in the domain of h. The germ [h] x has source and target in U 0l hence 
by full generation it may be written as a product of elements of U : 

[h] x = ui ■ . . . ■ Mi 

Each Uk is in some U a (k), and the definition of \H\ implies = [h a ^] SUk . 
Thus 

[h\ x = [h a (i)] SUl ■ . . . • [/i a (i)]sm = [h a (i) . . . h a (i)] x 

and h is locally at x a product of the hi^s. As it is true for every x in its 
domain, by gluing, h is in the pseudogroup generated by the h^u/s. □ 

3.9 Example. Given a foliation T on a manifold M, a classical groupoid 
associated to T is its holonomy groupoid Hol(J r ), the set of all germs of 
holonomy elemental of the foliation up to a choice of local transversals. This 
groupoid is the modern evolution of the holonomy pseudogroup Tir asso- 
ciated to a complete transversal T |God91| . A classical result asserts that 



the germ groupoid of this pseudogroup identifies to the pullback of Hoi (J 7 ) 
along the inclusion T — > M, the resulting morphism being an essential equiv- 
alence |1.9| . The same pullback construction may be achieved for the other 
classical groupoid associated to JF, the groupoid of tangent paths up to tan- 
gent homotopy - called the monodromy (or homotopy) groupoid Mon(T) 
of J 7 , producing another etale groupoid. In particular, these two classical 
groupoids are Morita-equivalent to etale ones. These remarks have lead to 



4 Recall that a holonomy element is a diffeomorphism associated to a tangent path, 
which roughly follows the transverse coordinates of the neighboring leaves along the path. 
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the definition of 'foliation' groupoids |CM00| : 
Definition 3.10 

A foliation groupoid is any groupoid which is Morita- equivalent to an 
etale one. 

The 0-orbits of a foliation groupoid naturally define a foliation of its base 
|CM00| . Given that compact generation was originaly designed to character- 
ize holonomy pseudogroups of compact foliated manifolds, we ask the ques- 
tion: is a foliation groupoid with compact base always compactly generated? 
Theorem 3.11 

Every s-connected foliation groupoid with compact base is compactly 
generated. 

Recall that an s-connected groupoid is a groupoid with connected s-fibers 
(or t-fibers). The theorem fails to be true if we don't require the groupoid to 
be s-connected: choose any non-finitely generated group A and any compact 
manifold M. Give A the discrete topology and consider the trivial groupoid 
on M with group A, M x A x M (with product (z, b, y)(y, a, x) = (z, ba, x)). 
It is a foliation groupoid: take any m G M, and check that the inclusion 
{m} x A x {m} cMxAxMisan essential equivalence. It has a compact 
base, but cannot be compactly generated. Indeed, if it was, there would exist 
a relatively compact subset IA C M x A x M with full generation. The group 
A is not finitely generated, so U would have to cross an infinite number of 
M x {a} x M to have full generation. But it is impossible, because the sets 
M x {a} x M are open and pairwise disjoint, so that U, which is relatively 
compact, can only meet a finite number of them. 

We denote G a foliation groupoid, and T the foliation it induces on its base, 
which we assume to be compact. The next proof uses both the local struc- 
ture of foliation groupoids and the construction of the natural factorisation 
morphsim h G : Mon(jF) — > G given in [CMOOj . which we recall here. 

GMOOj Lemma 3 

A trivializing submersion tx : U — >• T of T is a submersion on an open 
set of Gq with contractible fibers, which are precisely the leaves of ' T\y. 
Denote G{U) the s-connected component of G^j. Then the map (t,s) : 
G{U) — > U x T U is a natural isomorphism of Lie groupoids, where 
U x T U is given the pair product (z,y)(y,x) = (z,x). 
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CMOO| Proposition 1 

With the preceding notations, there is a natural factorisation of the 
canonical map hoi : Mon{!F) — > Hol{!F) into two surjective (functorial) 
local diffeomorphisms 

Mon(F)^G^Hol(f) 

Proof of thm \3.11\ Let (VJ); be a finite open cover of Go by domains of triv- 
ializing submersions, and (f/j), a shrinking of (V;);. Set U to be the union 
of the restrictions G(Ui) = G(Vi)^ of the local groupoids G{Vi). The set U 
is open in G, and clearly exhaustive because Uq = Go. Using the isomor- 
phism (t, s)i : G(Vi) — > Vi Vi, we can include each G{Ui) in a compact 
set (namely (t, s)^ 1 (t^ x Ti Ui)), which implies that U is relatively compact. 
Finally, as {Ui)i covers Go, every tangent path a of Go may be decomposed 
as a product of tangent paths otk contained each in a single Ui(k). Due to the 
contractibility of the 7T;(fc)-fibers, each path is entirely defined by its ends. 
Those ends in turn give an element gk = (t, s)~^(ak) £ G(Ui(k)). Then the 
product of the g^s lies in the subgroupoid generated by U, and is precisely 
h G (a) by construction of he- It follows that IA generates the entire image of 
h G . But G is s-connected, so that ho is surjective onto G. Thus U generates 
G, and has full generation. □ 

Corollary 3.12 

If T is a foliation on a compact manifold, its monodromy and holonomy 
groupoids are compactly generated. 

Proof. It suffices to remark that the s-fibers of a monodromy (resp. holon- 
omy) groupoid are the universal (resp. holonomy) coverings of the leaves, 
and thus are connected. □ 

3.13 Theorem 

If G and H are Morita- equivalent object-separated Lie groupoids, and 
| if G is compactly generated, then so is H. 

Considering proposition 13.31 it suffices to prove the following 
Lemma 3.14 

If ip : G — » H is a Morita morphism between object-separated groupoids, 
and if G or H is compactly generated, then so is the other one. 

The easy case is when G is compactly generated: let Wbea relatively compact 
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exhaustive open subset of G with full generation, and let V := <p(U). Then V 
is immediately relatively compact and open, as ip is a submersion (check in 
the complete pullback diagram 11.71 with / = ipo a submersion). The unique 
lifting property |1.9| shows that the 1-orbits of G and H are in one-to-one 
correspondance via tp (Orb(g) i— > Orb(ipg)), so that V meets every i^i-orbit 
which is the image of a Gi-orbit met by U. But U meets every of them, thus 

V is exhaustive. Finally, as tp is a functor, the subgroupoid generated by V, 
the image of U, is the image of the subgroupoid generated by U, which is 
full. Thus (V) is also full, as the unique lifting property ensures it can't miss 
any arrow. 

The other case is a bit tricky, because we have to climb up tp preserving 
both openness and relative compactness. Assume we have a V C H giving 
compact generation for H, chosen symmetric. 

The map (po is a submersion, so we can locally write it as the projection of 
a product onto an open set W x F — > W. As V : = Vo is relatively compact, 
we can cover it with a finite number of open sets Vi C V, each included in a 
compact Ki, itself contained in the image of a trivialization Wi x F { — » Wi of 
<Pq. For each i, we also choose a small open set Dj, inside a compact subset 
F[ C Fi, and set Ui := V x D i: Ci := Ki x F[. Let us write U := Uj U h and 
consider the set of all arrows between points of U that are sent in V by (p: 

U := x V x U) 

This is an open subset of G, which is included in the compact set 

C := (^^^(Cx JCxC) 

where C is the union of the Cj's, and K some fixed compact set containing 

V (V relatively compact). The set C is indeed compact, for it is the direct 
image under the diffeomorphism (t,ip,s)~ l : ip^H — > G of the intersection 
of the compact cartesian product C x /C x C, and the closed submanifold 
<PqH C G x H x G (here we use that y^o-^ = (G , o ¥ , )-f^( (/ , G , ) is a fiber 
product over twice the diagonal of Go, which is closed |3.1j ). Thus W is 
relatively compact. 

It is easy to see that U is exhaustive: by unique lifting every Gi-orbit is the 
preimage by ip of an i^i-orbit, which necessarily crosses V (exhaustiveness), 
and thus its preimage crosses IA {(f(U) = V by construction). 
It only remains to check the full generation property. Take any g G G^. We 
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have (fg G Hy = (V), thus we can write ipg as a finite product of elements 
of V 

(pg = v r ... -vi 

Choose indices a(k) such that x := sv 1 G V^( ), and x k '■= tv k G V^,^) for 
all k > 0. We then choose points m^ G ^(fe) over the x^'s by <po, with two 
special choices m = s# and mi = tg, and define 

g k := (t, if, s)' 1 (m k , v k , m fc _i ) for < k < I 




By definition of U, g k G U for all j, so that the (well-defined) product gi . . . g± 
is in (U). But 

<p(9i ■■■9i) = V9r ■ ■ ■ ■ <P9i = vi ■ ■ ■ ■ ■ vi = (pg 

and unicity of the pullback between mo = sg and m/ = tg implies g = 
gi . . . gi G (U). Thus IA has full generation, and G is compactly generated. □ 

Corollary 3.15 [Haefliger's lemma, groupoid version] 

If J 7 is a foliation on a compact manifold M, all transverse holonomy 
groupoids of T are compactly generated. 

We have seen (theorem 12.51 and proposition 13.81) that this assertion is simply 
a translation of Haefliger's original result in groupoid theory. 
Proof. We know by corollary l3.12l that Hol(J r ) is compactly generated. Given 
a complete transversal T for J 7 , it is a classical result that the inclusion 
T C M induces an essential equivalence HoIt(F) — > Holi^J 7 ) |1.9j . where 
HoIt^J 7 ) is the germ groupoid of the holonomy pseudogroup Ht associated 
to T. In particular these two groupoids are Morita-equivalent |1.1Q| . and 
thus HoIt^J 7 ) is compactly generated by the invariance theorem 13.131 □ 

3.16 Remark. As in the case of pseudogroups, it is important to require U to 
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be open in definition 13.51 We construct here an example of a non-compactly 
generated groupoid, which admits a relatively compact exhaustive non-open 
subset IA with full generation. This example is inspired from an exercise in 
[HaeOOj . 

Consider the Klein bottle, seen as a cylinder S 1 x [—1,1] (S 1 C C) with its 
ends identified (z, 1) = (z, —1), and foliated by the directrices {z} x [—1, 1]. 



T 




Take T = S 1 x {0} a circular transversal, then the transverse holonomy 
groupoid H = Hoi? (J 7 ) associated to T may be seen as two copies of S 1 , 
one for trivial holonomy germs and one for the germs of the holonomy dif- 
feomorphism obtained by turning once along the directrices (which induces 
the complex conjugation on S 1 ). 

Now make two holes in the Klein bottle at (±1,1), so that we cannot turn 
around the associated leaves. In this case, H loses the points [ — ]±i, and is 
no more compactly generated. Indeed, if we had some U satisfying defini- 
tion [321 U.q would contain some small neighborhood V of 1, which we may 
assume stable under conjugation. The full generation property would then 
force {[T~ ] z ;z G V^\{1}} C U, and thus U could not be relatively compact 
in H, absurd. However, if we set 

U = {[id] z ;Sm(z) ^ 0} 

then IA is relatively compact, exhaustive, and generates a full subgroupoid of 
H. It statisfies all conditions for compact generation, but being open. 
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